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INVOLUTORIC CIRCULAR TRANSFORMATIONS AS A PARTICULAR 

CASE OF THE STEINERIAN TRANSFORMATION AND 

THEIR INVARIANT NETS OF CUBICS.* 

Bt Abnold Euch. 

It is well known that with every Steinerian f or involutoric quadratic 
transformation in a plane is associated an invariant net of cubics passing 
through the fundamental quadruple of the transformation and its diagonal 
points. Conversely, every plane cubic admits of an infinite number of 
birational transformations in itself, which form a continuous group. In 
case of a rational cubic (deficiency 0) the group depends upon three param- 
eters. For a cubic of deficiency 1, there exists a mixed one-parameter 
group consisting of a linear system g^^ of Steinerian transformations, and a 
group of non-central transformations. The transformations of the first 
kind do not form a group and are involutoric, while those of the second kind 
form a one-parameter group with three involutoric transformations. The 
product of two transformations of the first kind is equivalent with a trans- 
formation of the second kind.J 

The involutoric circular transformation in a complex plane 

, az -^h 

z — 

cz — a 

is a particular case of a Steinerian transformation. It is the purpose of 
this paper to establish this equivalence and the principal properties of the 
two nets of cubics which remain invariant in the transformations of the 
first and second kind, respectively. 

In order to gain a general standpoint, I shall first briefly discuss the 
well-known conditions for conformal rational transformations in a plane, 
and then apply the results to birational quadratic transformations. This 
will lead immediately to general circular — ^and in particular to circular 
transformations in the Steinerian form.§ 

* R«ad before the American Mathematical Society in Chicago, Dec. 29, 1911. 

tSteiner, Werke, vol. I, pp. 409-421; Disteli, "Die Metrik der circularen Curven dritter 
Ordnung," Vierteljahrsschrift Zurich, vol. 37, pp. 255-305. 

% Weyer, "tjber eindeutige Beziehungen axif einer allgemeinen ebenen Curve dritter Ord- 
nung," Wiener Ber., vol. 87, pp. 837-872; Segre, "Remarques sur les transformations uniformes 
des courbes elliptiques en elles-mfimes," Math. Ann., vol. 27, p. 296. 

{ A discussion of the five Newtonian types of plane cubics and their construction by means 
of the Steinerian transformation was given by the author in the Univ. of Colorado Studies, vol. 1, 
pp. 275-284. 
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58 ARNOLD EMCH. 

1. General Rational Algebraic Transformations. 
Let Ri, R2, Rz, Ri designate polynomials in x and y of any degree, then 

(1) ^ =p"' y =w 

Its XV4 

represents a general rational algebraic transformation of the xy-plane into 
the x'^'-plane. It is furthermore assumed that the fractions Ri/Rz and 
Ri/Ri are irreducible. To every point (x, y) corresponds uniformly a 
point {x', y'). Conversely, to a point (x', y') correspond the points of 
intersection of the curves x' Ri — Ry = and y' Ri — R2 = 0. Thus, in 
case of a general quadratic transformation, there is a (1, 4) correspondence 
between the points of the two planes. Applying the conditions for con- 
formity 

(o-^ ^ = ^ i£^ _ _ ^' 

^ '' dx dy ' dy dx 

to (1), we get 

dRl r, ^^3 T> ^^2 T> ^-^4 r> 

dx dx dy dy 



^^^ Ri" ~ Ri^ 

dRl r, dRs „ 3i?2 T> ^-^4 r> 

~7 — its ^ — -til —7 — Iti r — iti 

(A.-\ dy ^ dy ^ _ dx * dx ' 

^*^ Rz^ ~ R^ 

(3) and (4) must be satisfied for all possible pairs of values of x and y. 
But two rational fractions in x and y which are equal for all pairs of values 
of X and y have identical numerators and denominators (except as to a factor 
of proportionaUty which we may assume as cancelled). Hence Ra = Rs- 
The other possibihty Ri = — R3 may be disregarded, since it may be ob- 
tained from the first merely by a reflection on the x-axis. Thus putting 
in (3) and (4) R4 = Rz, from these equations follows 

/di2i dRz \(dRi^j^ dRz \ 

V"a^^^~lF^VWx ^'~ dx ^V 

+(t«'-t«0(t^'-t «')=«' 

or, dividing through by Rz, and replacing RijRz by x' and RijRz by y', 
and developing: 

,^^ , >U^^^W (^^^\^ '{^^^ dR2,dRz dRA 

JdRi dRz^ dRi^ dRz\ fdRi dR2_ dR^ dRA ^ 
y \ dx ' dx ^ dy ' dy )^\ dx ' dx "^ dy ' dy ) 
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This, as can easily be established, is the condition that all curves of the two 
pencils x'Rz — Ri = and y'Rj — R2 = are orthogonal to each other, 
and in case of conformity is a well-known fact. From (5) we conclude that 
also the curves Ri = 0, R2 = and R3 = are orthogonal among themselves. 
To the infinite corresponds the curve R3 = 0, which according to (5), when 
^' = " > 2/' = " > must satisfy the differential equation 

(«) (w+(fy=»- 

The general solution of this equation is of the form 

(7) [<l>{x, y)Y + mx, y)Y = 0, 

in which both <^ (x, y) and ^ {x, y) satisfy Laplace's differential equation.* 
In case of a rational transformation 4> and ^ are polynomials in x and y. 
The real part of the curve iSj = consists therefore only of a limited niunber 
of points, namely the real points of intersection of the two curves 

<i>{x, y) = and ip(x, y) = 0. 

As iZi = and R^ = Q are orthogonal to R3 = 0, they necessarily pass 
through these points of intersection. By means of the foregoing properties 
it is now easy to establish conformal quadratic transformations. 

2. Conformal Quadratic Transformations. 

In this case the pencils x'Rz — Ri = and y'Rz — R2 = must form 
two orthogonal pencils of conies. This is possible only when the conies 
are circles, so that the two pencils are conjugate. But as R3 is common to 
both pencils, the real part of the circle R3 = must necessarily degenerate 
into a point. The two pencils have therefore a common point and any curve 
of the first pencil cuts every curve of the second pencil in one point only. 
From this it follows that the transformation is birational and of the fonnf 

A2B3 — A3B2 



x = 
(8) 

y' = 



A1B2 - A2B1' 
A3B1 - A1B3 



A1B2- A2B1' 

where the A's and B's represent arbitrary linear expressions in x and y. 
According to (2) and (7) R3 = A1B2 — A2B1 has the form 

(cix - Ciy + diY + {ciy + Czx + diY, 

.™ . , rkb dJ) d<t> dii 

* There is of course: r- = ^~i ^~ = ~ ^-• 
dx dy dy dx 

t K. Doehlemann: Geometrische Transformationen, vol. II, pp. 56-78. 
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hence 

— J5i = Ai = C\X — c^y + di, 
and 

Ai — Bz = Ciy + CiZ + d%. 

Substituting these expressions in (8) and replacing A% and B% also by linear 
expressions the transformation assumes the form 

, ^ (aig -f- aiV + bi)(cia: - c^y + di) + (dy + a-tX + h^jc-jy + Cix + dz) 
(cix - (hy + di)* + {c-^y + Cjo; + dz)* ' 

, _ (aiy + dix + fez) (cia; — c^y + di) — (aix + a^y + bi) (ciy + c^z + da) 
^ (ciXi- Cat/ + di)* + (CiJ/ + CaX + da)'' 

It will be noticed that so far the coefficients a\, ai, bi, — ai, — Oj, — b, 
are entirely arbitrary and independent of Ci, Cj, dj. The numerators of 
these expressions however must also represent circles, which requires the 
equality of the coefficients of x^ and y^ in each case and the vanishing of 
the coefficients of xy. This leads to the two conditions 

aiCi + aa Ca = a\C\ — OaCa, 

aid — aaCi = OiCa + CaCi. 

Solving for ai and aa, we find ai = Ci, aa = — aa. Writing pi = a^x—azy 
+ 61, gi = Cix — Cay + di, pa = Ciy + aax + 6a, ga = Ciy 4- CaX + da the 
equations of the circles i?i = and i2a = may be written in the form 

(9) Ri = pigi + paga = 0, Ea e paffi — piga = 0. 

From this is seen that both circles pass through the points of intersection 
of the rays pi = and pa = 0, and gi = and ga = 0. The first circle 
(fii) passes also through the intersection of pi = and ga = 0, and also of 
gi = and pa = 0. The second circle (i?a) passes throu^ the vertices of 
the pairs pi = 0, gi = and pa = 0, ga = 0, Fig. 1. The real portion of 
22$ = is clearly the point of intersection of gi = and ga = 0. From the 
equations of the rays pi, pa, gi, ga it is seen that pi x pa and gi x ga. 
(In Fig. 1 the letters contained in the equations are used to designate 
the corresponding rays and circles.) Hence, pi and gi are altitudes in 
the triangle XYZ, and also ZM, cutting XY in Zi, is an altitude and 
Ailf FiZ CO aXFiF. These two triangles are brought into a homologous 
position by turning them through an angle of 90°, and as the circles Ri 
and Rt are also homologously related to the triangles, it follows that in 
their original position they are orthogonal. This as we have seen in the 
general case, is a necessary condition. The orthogonaUty of jBi and Ri 
might of course also be proved analytically without difficulty. Writing 
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the transformations in the fonn 
and making use of the identities 



/ ^ P2gl - P lgi 



3i* + 32* 



dx by ' 



by^ dx~ "' 



5?! 5^2 



dqx . dqz 






it is easily verified that (10) satisfies (2). The transformation is therefore 
conformal. Substituting in the equation ux' + vy' + w = for x' and y' 
their expressions as given by (10), the equation 

uipiqi + P2?2) + vipiQi - piQi) + w(qi^ + qz^) = 




Fig. 1. 

results. In each parenthesis the coefficients of x^ and y^ are equal, so that 
this equation represents a circle passing through Yi, {R3 = 0), the point 
corresponding to the infinite point of the straight line in the x'j/'-plane. 
Consider now a point P' in the x'y'-plane and the pencil of rays through it. 
This pencil is transformed into the pencil of circles through Fi and P (cor- 
responding to P') in the xy-pl&ne. Any circle with P' as a center is trans- 
formed into a circle of the conjugate pencil in the xy-plane. Thus every 
circle in the x'l/'-plane is transformed into a circle of the xy-plane. Con- 
versely, every circle in the xy-plane may be considered as a circle of a pencil 
which is conjugate to a pencil having Fi as one of the base points. The two 
pencils are transformed into a pencil of rays and the corresponding systems 
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of concentric circles. Every circle of the xy-pl&ne is therefore transformed 
into a circle of the x'y'-pl&ne. The transformation is therefore circular. 
By this the theorem is established : 

All conformal quadratic transformations are circular transformations. 

It remains to be shown that the transformation as represented by (14) 
may be expressed as a transformation between complex variables. For 
this purpose we have from (10) 

. , _ pigi — i ■ iytqi + tp2gi — t'Pigz 
"" ^^y - (gi + iq,) (q, - iq,) 

or 

(gi + n-i) (gi - *g2) ' 

or 

' _l_ • ' = Pi + Wi ^ Oia; — aiV + &i + i{a\y + 02a; + ^2) 
-rW ~ gi + ^g2 ~ cix — dy + di + i{ciy + dx + ^2) 

Replacing — a^y by 102 • iy and — C2J/ by id • iy, this, by factoring, 

becomes 

. , _ (ai + 102) (x + iy) + bi + ibj 

^ "*" *^ ~ (ci + ic2) (x + iy) +di + id2' 
or, in the usual form 

(11) z' = ^. 

3. Involutoric Circular Transformation. 

If in (11) d = — a, or di = — Oi, ^2 = — 02, the transformation be- 
comes involutoric: 

(12) z' = ^^^, 
or in Cartesian coordinates 



(13) 



, _ (oix — azy + bi) (ciX — C2j/ — ai) + (aiy + 02X + ^2) (cij/ + C2X — Oz) 
"" (cix — C2y — ai)^ -1- {ciy + C2X — 02)^ 

, (oiy + 02X 4- &2)(cix — Cjy—di)— (ciX — 02^ + bi)(ciy + CgX — 02) . 
^ ~ (cix - C2I/ - ai)2 + {ciy + cix - 02)* 

The general involutoric quadratic (Steinerian) transformation of a plane 
in itself may be defined in the following manner;* Let 

Pi B aix2 + 2fiixy + 7iy' + 25ix + 2eiy + ^1 = 0, 
P2 s a2x2 + 2^2 xy + y2y' + 252X + 2t2y + <Pi = 



* Steiner, Disteli, loc. cit. R. Sturm: Die Lehre von den geometr. Verwandtschaften, vol. II, 
pp. 72-95; A. Emeh: Introduction to Projective Geometry, pp. 185-216. 
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represent two distinct conies. Then the polais of a point {z', y') with 
respect to the pencil 

Pi + XP2 = 

are concurrent at a point {x, y). Conversely all polars of the point {x, y) 
with respect to the pencil pass through the point (x', y'). Thus, to every 
point (x, y) corresponds a point (x', y') and conversely. The transformation 
estabUshed in this maimer is involutoric and quadratic. It is evident 
that any two conies of the pencil, consequently also two of the degenerate 
conies may serve as a base of the transformation. Designate the quad- 
rangle through which the pencil passes by ^1^2^ 5^4 and its diagonal 
points by Bi, Bi, B3. To find P' when P is given, join P to Bi, Bz, Bs, 
Fig. 2, and construct the fourth harmonic rays to PBi, PB2, PB3 respectively 




Fig. 2. 

with respect to the corresponding pairs of lines (degenerate conies) through 
Bi, Bi, B3. The three harmonic rays intersect each other at P'. To the 
points B correspond all points of their opposite sides of the triangle B1B2B3. 
The points Ai, A2, A3, A^ are invariant. To a point on any line joining any 
two ^'s, say ^1^3, corresponds the fourth harmonic point to the pair A1A3 
on the same line. All other points are in imiform correspondence. To the 
straight lines of the plane corresponds the net of conies through B1B2B3. 
To the line at infinity corresponds a conic through these points which bisects 
the sides of the quadrilateral. This conic is a circle if two of the degenerate 
conies consist of rectangular pairs of lines. In this case the conies of the 



64 AENOLD EMCH. 

pencil are all equilateral hyperbolas. Conversely, two equilateral hyper- 
bolas determine a pencil, whose degenerate conies consist of rectangular 
pairs of lines and all of whose conies are eqvdlateral hyperbolas. 

The analytic form of the general involutoric quadratic transformation is 

(/3ix + yiy+ 61) (SiX + e^y + <Pi) — (^zx + y^y + ej) (SiX + dy + vi) 



(14) 



y = 



{aiX + /Sij/ + 8i)(/32X + 722/ + tz) - {cniX + hv+h) ifiiX + 7i?/+<i) ' 

{atX + ^^y + h) {hx + eiy + <Pi) - (aiX + <3ij/+ hi) {hjX + fiy-\- <pi) 
iaix+ j8i2/+ 8i)(/32X+722/ + €2) - {aiX + ^^y + h){^iX-{-yiy + ei) ' 

In order that this be at the same time a circular transformation, we must 
dispose of the coefficients in such a manner that (14) becomes identical 
with (13). This is the case, if we put 

ai = C2, <Pi = bi, 0-2 = — Ci, v^i = — &2 

jSi = Ci, 72 = Ci, ^i = Ci, 7i = — d 

5 = (^2 = — O2, €2 = O2 — — <J2) ^2 = — Ui = Oi, *1 = <*! = — 0,1' 

The conies which determine the pencil are now 

f Pi s C2a;^ + 2cixy — c^y^ — la^x — 2aiy — h = 0, 

(15) S 

[ P2 s — CiX^ + 2ciXy + Cij/2 + 2aiX — 2aiy + 61 = 0. 

EUminating from these equations in turn xy, and x* and y", the two new 
conies belonging to the same pencil arise: 



(16) 



^ , , r,OlCi+a2C2 , f.a2Ci — O1C2 biCi + 62C2 t\ 

Q,^2xy-2 ^^,^^^, x-2 ^^, ^ ^^, y+ ^^,^^^2 =0. 



They clearly represent two equilateral hyperbolas. All conies of the pencil 
are therefore equilateral hyperbolas and the degenerate conies are three 
pairs of rectangular lines with the points Bi, B2, Bi as vertices. To the 
line at infinity corresponds a circle through these three points, whose equa- 
tion is 
(17) Rz = {cix - c^y - oi)2 + {ciy + dx — OzY = 0. 

The real portion of this circle is the point Yi with the coordinates 

_ Old -f 02 Ci _ O2C1 — O1C2, 

^^^^ * ~ Ci^ -I- C2^ ' ^ ~ Ci^ -h C2* ' 

which according to (16) is apparently the common center of the two hyper- 
bolas Qi = 0, Q2 = 0. As the circles corresponding to the straight Unes 
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of the plane all pass through Bi, B^, B3, it follows that these points coincide 
with the point Yi {R3 = 0) and the circular points at infinity. The quad- 
rangle AiAzAsAi has therefore only two real points, while the remaining 
two are conjugate imaginary. Writing a = Oi + ia^, b = bi + ib^, 
c = Ci + ici, and fornmig Qi + iQ^ = 0, and reducing we find 

(19) cz" -2az-b = 0, 

which is recognized as the equation for the double points of the transfor- 
mation. The real points of intersection of the two hyperbolas coincide 
with these double-points and are therefore given by 

(20) Ai ^ , A2 = . 

The middle-point Bz between ^1 and A2 is determined by a/c and in 
z' = {az + b)/ {cz — a) clearly corresponds to the point at infinity z = 00 . 
Bz is the center of the involution and its coordinates, resulting by separating 
real and imaginary of ale, are identical with s and t. Thus B3 coincides 
with Fi. The pencil of circles through ^1 and Az and its conjugate orthog- 
onal pencil are invariant in the transformation. The two imaginary 
points of intersection of all circles of the conjugate pencil are identical with 
the imaginary pair A3A4 of the quadruple determined by the hyperbolas.* 
From the equations of these we see that any two equilateral orthogonal 
hyperbolas determine such a quadrangle. Hence, the theorem may be 
stated: 

The Steinerian transformation (involutoric quadratie transformation) based 
on a -pencil of conies determined by two equilateral orthogonal hyperbolas is 
identical with the involiUoric circular transformation (involution) having the 
real pair of the quadruple of the pencil as double points. 

4. The Invariant Cubics. 

Designating by P and P' two corresponding points of a Steinerian 
transformation based on a quadruple AiA^AaAi with the diagonal points 
BiBiBz, every cubic through these nine points is left invariant by the trans- 
formation. With every point P in a general position is associated such 
a cubic, so that there is a net of cubics through the seven points (A) and 
(jB), in which every cubic is invariant. Geometrically nothing is lost in 
generality if we assume the center of involution B3 as the origin and the 

* Darboux in " Sur une classe remaxquable de courbes et de surfaces alg^briques," pp. 61-66, 
calls AiA4 " points associ^s " of AiAt, and conversely. — Study in " Vorlesungen uber ausgewahlte 
Gegenstande der Geometric. Eretes Heft, pp. 8-19, calls AiAi the " first picture " (erstes Bild) 
of AiAa. 



66 ARNOLD EMCH. 

line joining A1A2 as the real axis. We may also assume B^i — 1, so that 
the circular transformation assumes the simple form 

(21) .'=i. 

The equations of the hyperbolas determining the pencil of conies through 
the fimdamental quadruple are now 

(22) Qi s x2 - 2/' - 1 = 0, Qi=2xy = Q. 

The polars of a point P{xi, yi) with respect to these conies have the equations 

qi s xix — yiy — 1 = 0, gj s xiy + y-ix = 0. 

The two pencils Qi + XQ2 = and qi + X52 are projective and produce the 
circular cubic Qiqj. — Q^qi = 0, or expUcitly: 

(23) (x* + y") (yix - Xxy) + 2xy - yix - xiy = 0. 

This cubic is also generated by all pairs of corresponding points on the rays 
of the pencil through {xi, j/i). Hence the theorem: 

The locus of all pairs of corresponding points of a circular transformation 
on the rays of a pencil in a general position is a circular cubic. 

The tangents from 

p,f^> ^i -yi \ 

to the cubic pass through Bz, Bi, B2, i. e., they have these as points of 
tangency. As Bi and Bt are the circular points at infinity, P' is the real 
focus or center of the cubic. The fourth (real) tangent passes through P 
as the point of tangency. The direction of the real asymptoteis determined 
by the slope yi/xi or the ray through P and Bz. The equation of the asymp- 
tote is therefore y — {yi/xi)x + k, in which k is easily determined as 
k - 2yi/(xi^ + y^). The asymptote cuts the cubic in the principal point 
H with the abscissa /^ = x,(fc' + k)l2{k — k^i — j/i) and the ordinate 
j = (yi/xi) h + k. 

The properties of the inversion z' = 1/z lead to the following results: 
Every pair of corresponding or inverse points on the cubic, like A and A' 
on a ray through P is concyclic with the double points Ai and Az, Fig. 3; 
in fact {AA'AiAi) = — 1. The same pair of points also lies on a circle 
of the orthogonal conjugate pencil of circles. The same is true for any 
other pair of inverse points on the cubic. Hence the theorem: 

The circular cubic {elliptic serpentine) may be produced by the pencil of 
circles through A1A2 and a projective conjugate pencil. 
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Designating the first pencil of circles by (*Si), the second by (S2) and 
the corresponding pencil of rays through P by (T), the theorem follows: 

The same cubic may be produced by either pencil (Si) or (S2) and the 
corresponding projective pencil (T). 




Fig. 3. 

If Si, Si, r is a corresponding set in this projectivity, the tangents from 
P to Si and ^2 are equal, since PA • PA ' equals the squares of these tangents. 
S\ and Si are therefore orthogonal to a circle K with P as a center. Con- 
versely any pair of {Si) and {S2) simultaneously orthogonal to a circle of 
the concentric pencil around P cuts out two inverse points on the cubic. 
Hence the theorem: 

If for every circle of a concentric pencil an orthogonal pair (orthogonal to 
the given circle) from two conjugate pencils of circles is determined, then the 
locus of the points of intersection of all such pairs is a circular cubic. 
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By means of this theorem it is easy to construct any number of points 
of the cubic. To get such a pair of points draw any circle Si of the first 
pencil; next draw the circle K with P as a center and orthogonal to Si; then 
draw a circle of (S2) (center on A1A2 produced) orthogonal to Si and K. 
The intersections A and ^' of Si and S2 are two required points. 

By the inversion 2' = l/g the pencils (Si) and (S2) are transformed into 
themselves, while the pencil of rays {T) is transformed into the pencil of 
circles through B^ and P', {T'), and there is clearly 

{T') 7^ (Si) 7^ (S2). 

The cubic is therefore also produced by the following projectivities: (7") 
and {T), (7") and (Si), (7") and (S2). It is known that every conic of a 
pencil of conies through four points of a cubic cuts the cubic in two other 
points and that all rays joining two such points concur in a point of the cubic. 
Hence, everj'^ tangent circle to the cubic at Bi cuts the cubic in two points 
and the ray joining them passes through a fixed point E of the cubic. In the 
figiu"e this point was determined by means of the tangent-circle L. Con- 
versely, every ray through E cuts the cubic in two points which with B3 
determine a tangent-circle at Bs. Hence, coimecting E with B3 and pro- 
ducing, the cubic is cut in a point H', so that three points of the cubic and 
on the corresponding tangent circle are now assembled at B3. This circle, 
M with B3H' as a diameter, is therefore osculating the cubic at B3, and its 
inverse in the real asymptote m of the cubic. The inverse H of H', 
through which m passes is called the principal point of the cubic. 

The concentric pencil of circles around P' touches the cubic at the circular 
points. The rays connecting every pair of points of intersection of circles 
of this pencil with the cubic concur in a point of the cubic. In the limiting 
case of an infinitely large circle (with P' as a center), the ray joining the 
two points of intersection is the asymptote. Hence, H is the point of con- 
currence of those rays, and the well-known theorems follow: 

Every ray through the principal point H of the circular cubic cuts the 
latter in two points which are equidistant from the center (real focus) P'. 

The circular cubic is the product of a pencil of rays and a projective pencil 
of concentric circles. 

An interesting particular case is obtained when the point P, Fig. 3, 
is assumed infinitely distant. In this case the circular points at infinity 
are conjugate with respect to the cubic and the points P' and H coincide 
with Bs, Fig. 4. The curve is symmetric with respect to B3 and the tangents 
at ill "and -4 2 are parallel to the asymptote m. The constmction of the 
cvu-ve itself is remarkably simple: Draw any line perpendicular to m and 
cutting the coordinate-axes at <ti and 0-2 ; <ti<t2 corresponds to one of the circles 
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K of the concentric pencil around P in the general case. With <ri as a 
center and aiAi as a radius draw a circle Si; from 0-2 draw tangents to St; 
the points of tangency of these, A and A', are two corresponding points of 
the cubic and are on a ray T || w. A and A' are, of course, also situated 
on the circle S-t of the conjugate pencil to (Si), and on a circle T' tangent 
to the cubic at B3. B3 is a point of inflexion of the cubic. Designating the 
slope of m by fx, the equation of the cubic, according to (23), becomes 

(24) (x^ + y'^) (fix — y) - nx — y = 0. 



P=«£ 




Fig. 4. 



5. The Invariant Nets. 

It has been seen that with every point P in a Steinerian transformation 
is associated an invariant cubic. If the transformation is at the same time 
circular, the cubic also will be circular and of the elUptic serpentine type. 
In an involutoric circular transformation, there exists therefore a net of 
such cubics, of which every individual remains invariant. The net is 
produced by ail the projectivities that may be established between the two con- 
jugate pencils of circles having the double points of the transformation as a 
base. Two circles chosen at random from the two pencils determine a 
transformation, which clearly is possible in a doubly inflhite nimiber of 
ways. The equation of the net belonging to the transformation z' = I/2 is 



(25) 



(a;2 + y2) (yix - Xiy) + 2xy - yiX - x,j/ = 0. 
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These transformations of the cubic in itself, or central correspondences, 
are of the first kind. There are »* such transformations and consequently 
that many nets and »« circular elliptic serpentines admitting of such 
transformations. 

The second kind of involutoric circular transformations of a cubic in 
itself, the noncentral correspondences on the cubic, are obtained in the 
following manner. In Fig. 5 let be the origin; on the real axis 
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Fig. 6. 



OA-i ■ OA2 = + 1; and on the imaginary axis OA3 • 0A^ = — 1. Draw 
the diagonal points Bi(= 0), B3, Bt, and construct a cubic associated with 
an infinitely distant point P, in the Steinerian tranisfonnation belonging 
to the quadruple AiAiAsAi. Such a cubic passes through the circular 
points at infinity, hence through nine points (the two circular points, the 
A's and B's) which as a whole remain invariant in the inversion z' = I/2. 
Designating by P = and Q = the equations of any two conies through 
the A's and by p = and g = the polars of P » with respect to P = 
and Q = 0, the equation of the cubic will be Pq — Qp = 0. If the coordi- 
nates of Ai are a;,-, y,-, we may assume for P and Q the expressions 

P = xy and Q = {xxiyz + y — ys) {x — yxiys — Xi), 
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SO that the polars of P « with respect to P and Q are represented by 

p =y + mx, 
and 

q = [xiVi + -g (1 - Xi^y3^)]x + [J(l - Xi^s^) - mxiyzly 

— J[aJi^3 + 2/3 + m(xi - Xi2/3*)]. 
The equation of the cubic in its explicit form is now 

(26) (y - mx){x^ + y^) + ^^^ ~ ^''^ x^ + ^ ~ ^'' y" - mx - ey = 0. 

For every set of values X\, yz, m an invariant cubic is obtained. With every 
inversion z' = I/2 a triply-infinite system of invariant cubics may thus be 
established. For all these cubics the transformation is non-central, or of 
the second kind, and is one of the three which are involutoiic and of the 
second kind for all circular cubics through the fundamental quadruple 
AiA^AiAi and its diagonal points. The other two have their centers at 
S3 and Bi. Geometrically the relation between the transformations J and 
E of the first and second kind is as stated at the beginning. By a J with 
P as a center a point D is transformed to D';hy aJ with as a center D' is 
transformed to D". By an E with as a center, D is transformed to D". 
Thus, the product of two J's is an E. 

As there are «* circular involutoric transformations in a plane, there 
are as many systems of invariant cubics, or »7 circular cubics bearing 
non central involutoric correspondences. As the general equation of a 
circular cubic depends on 7 essential constants it follows, that by means of 
Steinerian transformations and their circular speciaHzation it is possible 
to derive all circular cubics of a plane and their properties. 
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